The relation between the spinor L-function of Siegel modular forms of integral weight and Siegel Φ operator was studied by Zharkovskaya [5] . She showed the commutation relation between the Siegel Φ operator and the Hecke operators acting on the space of Siegel modular forms of integral weight; moreover she showed that the homomorphic map from the Hecke ring of degree n to that of degree n − 1 is surjective; finally, she showed that the quotient part of the spinor L-function of a Siegel modular form F of degree n can be written by using the quotient part of the spinor L-function of the Siegel modular form Φ(F ) of degree n − 1 where Φ(F ) is the image of F under the Siegel Φ operator. This theorem of Zharkovskaya was generalized to arbitrary levels by Andrianov [1] .
we put
. We denote the positive determinant matrices in M n (A) by M + n (A). We define Sp n (A) as follows: Sp n (A) = {M ∈ GSp + n (A) | γ(M ) = 1}. We put e(M ) = exp(2πiσ(M )), and σ(M ) is the trace of the matrix M . Let
be the Siegel upper half-space of degree n. We denote the action of Sp n (R) on Z n by
M Z = (AZ + B)(CZ + D)
For a positive integer q,
∈ Sp n (Z) C ≡ 0 (mod q) is the congruence-subgroup of the symplectic group Sp n (Z).
We set (a, b) = gcd(a, b) and n = n(n + 1)/2 for a, b, n ∈ Z.
Hecke rings.
The Hecke ring L n p (κ) was introduced by Zhuravlev [6] , [7] to interpret the even zeta function of Siegel modular forms of halfintegral weight for general degree. The aim of this section is to describe this ring following [6] , [7] .
Hecke pair and Hecke ring.
Let Γ be a group and let S be a semigroup in the multiplicative group G. (Γ, S) is called a Hecke pair if Γ S = SΓ = S and if for any g ∈ S the quotient sets Γ \Γ gΓ and Γ gΓ/Γ are finite. Let L(Γ, S) be the C-module spanned by the left cosets (Γ g), g ∈ S. By the Hecke ring D(Γ, S) we mean the Γ -invariant submodule of
is an associative ring with generators (Γ gΓ ) = i (Γ g i ), where g ∈ S and Γ gΓ = i Γ g i is the left coset decomposition.
We define subgroups Γ n 0 (q) and Γ n 0 of Sp(n, Z) as follows:
We set Z[p −1 ] = {a/p r ∈ Q | a, r ∈ Z}. We define multiplicative sets S n p , S n p 2 and S 0,p in GSp
as follows:
It is known that (Γ n 0 (q), S n p ), (Γ n 0 (q), S n p 2 ), (Γ n 0 , S n 0,p ) and (Λ n , G n p ) are Hecke pairs. We denote the corresponding Hecke rings by
We define the standard theta series and a function j by
We define an injective homomorphism j :
; these are subgroups of G.
We define the projection P :
The reduction of the Hecke ring.
We define a homomorphism ε q,0 :
, where t is transcendental over H n p , is defined as follows: for X ∈ L n 0,p written in the form 
Altogether, the above maps are as follows:
The Hecke ring
n ] be the ring of W 2 -invariant polynomials, where W 2 is the automorphism group generated by the permutations of x 1 , . . . , x n , the transformations
n ] (see Zhuravlev [7] ). Namely, there exist isomorphisms
2. Siegel modular forms of half-integral weight and Hecke operators. In the theory of modular forms, the Hecke rings have a representation on the space of modular forms, and this representation is important when considering the multiplicative property of Fourier coefficients of modular forms. In this section we describe the representation of Hecke rings on the space of Siegel modular forms of half-integral weight according to Zhuravlev [7] .
Siegel modular forms of half-integral weight.
Let k be an integer, let χ be a Dirichlet character modulo q, and let 4 | q. Then a holomorphic function F (Z) on Z n is said to be a Siegel modular form of weight k − 1/2 and character χ ∈ Γ n 0 (q) if
, and in the case n = 1 the function F (Z) is holomorphic at all cusps of Γ 1 0 (q). We denote the set of such functions by M n k−1/2 (q, χ). If n = 0 then we set
Siegel modular forms have a Fourier expansion
where N n is the set of symmetric positive semi-definite half-integral matrices of size n. From the definition of
For any function F (Z) on Z n and for ξ = (M, ϕ(Z)) ∈ Γ n 0 (q) we set
It follows from the definition that
Representations of Hecke rings on Siegel modular forms of halfintegral weight.
For F ∈ M n k−1/2 (q, χ), we define a representation of the Hecke ring L n p 2 (q) by setting
We define a representation of the Hecke ring L n 0,p by setting
and where
The following equation was shown by Zhuravlev [7] : for F ∈ M n k−1/2 (q, χ) and X ∈ L n p 2 (q), we have 3. The Ψ operator and Siegel Φ-operator. The Ψ operator was introduced by Andrianov [1] to generalize the theorem of Zharkovskaya [5] to arbitrary levels. It was also considered for Siegel modular forms of halfintegral weight by Oh-Koo-Kim [3] . In this section we recall this operator and the theorem of [3] .
where u is an independent variable, g i =
and B i denotes the block of size n − 1 in the upper left corner of
by the following condition:
then the following diagram is commutative:
where
This Φ is called the Siegel Φ-operator.
The following theorem was shown by Oh-Koo-Kim [3] .
), (4) where 
the right hand side of the above equation is the action of
L 0 0,p 2 = C on M 0 k−1/2 (q, χ) = C, which is just the multiplication of complex numbers.) Moreover , the map Ψ ( * , p n−(k−1/2) χ(p) −1 ) : L n p (κ) → L n−1 p (κ)
4.
The even zeta function of Siegel modular forms of half-integral weight. The even zeta function of Siegel modular forms of halfintegral weight was studied by Zhuravlev [7] ; he generalized a theorem on the degree 1 case of Shimura [4] to the general degree. In this section we recall the result of [7] .
Let γ(z) be the polynomial defined by
The right hand side of this equation has expansion
We denote the eigenvalues of F for the Hecke operators
Now we describe the result of Zhuravlev [7] . Let λ be a completely multiplicative function which grows no faster than some power of the argument, and let N be a positive definite matrix in N n . When the real part of s is sufficiently large, the following series, called the even zeta function, has Euler expansion:
where P F,p (N, λ, z) is a polynomial of z of degree at most 2n (the explicit form of this polynomial, given in [7] , is not needed here) and Q F,p (λ, z) is a polynomial of z of degree 2n. In particular Q F,p (λ, z) does not depend on the choice of N . The polynomial Q F,p (λ, z) was defined as follows:
where α ±1 i,p are the p-parameters of F .
Main theorem.
Let F be a Siegel modular form of weight k − 1/2 belonging to Γ n 0 (q), where q > 0 is an integer divisible by 4. We assume that F is an eigenfunction for the action of L n p (κ) ( §1.4). Let λ be a completely multiplicative function which grows no faster than some power of the argument.
We put L(s, λ, F ) = (p,q)=1 Q F,p (λ, p −s+k−3/2 ) −1 (see (5), (6)).
Then we obtain the following theorem, an analogy of the theorem of Zharkovskaya [5] . ).
Consequently, we have proved Theorem 2.
